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Abstract. Electromagnetic scattering from a layered capped
wedge is studied. The wedge is assumed infinite in z-direction
(longitudinal) and capped with arbitrary layers of dielectric
with varying thicknesses and dielectric properties including
conductive loss. Scalar Helmholtz equation in two dimen-
sions is formulated for each solution region and a matrix of
unknown coefficients are arrived at for electric field repre-
sentation. Closed form expressions are derived for 2- and
3-layer geometries. Numerical simulations are performed
for different wedge shapes and dielectric layer properties
and compared to PEC-only case. It has been shown that sig-
nificant reduction in scattered electric field can be obtained
with 2- and 3-layered cap geometries. Total electric field in
the far field normalized to incident field is also computed as
a precursor to RCS analysis. Analytical results can be useful
in radar cross section analysis for aerial vehicles.
Keywords
PEC wedge, dielectric capped wedge, electromagnetic
wedge scattering, radar cross section
1. Introduction
Electromagnetic scattering from perfectly electrical
conductor (PEC) wedge plays an important role in many
applications ranging from radar cross section computation to
antenna analysis. Especially, in airborne applications many
parts of an airplane body can be represented by a wedge for
radar cross section analysis. Since wedge angle can be var-
ied to represent many structures, scattering from wedge is
considered as a major canonical problem and has been ex-
tensively studied in the past [1–4]. Although many forms of
wedge fromdielectric covered [5], [6] to impedance boundary
treated surfaces [7–10] have been reported, dielectric capped
wedge for arbitrary layers of dielectric has not been studied.
In this work, we present derivations for N-layer lossy dielec-
tric capped wedge and closed form derivations for 2-layered
and 3-layered dielectric capped wedge.
Scattering from PEC wedge due to infinite line source
aligned with the longitudinal axis of the wedge is well known
and scattering due to transverse magnetic (TM) plane wave
excitation can be easily derived [3]. Although less stud-
ied, transverse electric (TE) case can also be derived using
ρ−directed infinite line source. When the wedge is capped
with a circular dielectric layer, analytical expressions for this
case can be derived after some manipulations [5]. How-
ever, when more than one layer is assumed, the derivations
get intricate and the effects of multilayer cap on resulting
scattered field become less predictable. Especially if con-
ductive losses in dielectric layers are assumed as in practical
applications of such configuration, the effect of conductive
loss may play a critical role in near- and far-field analysis.
Thus, the contributions of present study are rigorous math-
ematical derivations for the general N-layer capped wedge
problem with each layer having different electrical properties
and analysis of electromagnetic scattering both in the near-
and far-field of the structure, where near-field may represent
antenna to antenna coupling and far-field for RCS computa-
tion.
Although the geometry of the problem assumes infinite
direction on the wedge axis, its solution provides insight-
ful information on electrically large finite objects. Despite
scattering from electrically large finite structures can be com-
puted using fast multipole methods (FMM) [11], [12] analyt-
ical closed form solutions for two dimensional problems such
as the one stated here are still invaluable for researchers as
they provide quick and reliable means for the scattered field.
We first present the system of equations for N-layer
dielectric capped wedge where the dielectric layers are rep-
resented by simple constitutive parameters. In Sec. 3, we
derive analytical expressions for 2-layered and 3-layered
capped wedge. In Sec. 4, numerical results for 2-layer and
3-layer capped wedge with various thicknesses and consti-
tutive parameters are obtained and compared to standalone
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PEC wedge case for two different wedge angles, which are
chosen to resemble airplane wing geometries. Conclusions
are given in Sec. 5.
2. Arbitrarily Layered Dielectric
Capped Wedge
A perfect electric conductor wedge which is capped
with multiple (N-layers) dielectric cylinders, is presented in
Fig. 1. The electric line current of amplitude Ie is assumed
at (ρ0, ϕ0). Throughout the analysis, ejωt harmonic time de-
pendence is assumed and suppressed. TM incident electric




H(2)0 (k0 | ρ − ρ0 |) (1)
where H(2)0 (.) is the Hankel function of the second kind of
order zero and k0 = ω
√
ε0µ0. At wedge surfaces ϕ = 0 and
ϕ = 2π − α, E satisfies
∧n × E = 0 (2)
where ∧n is the unit vector normal to the wedge surface. Tak-
ing into account the contribution on the ϕ dependence of
(2), the z-components of the scattered electric field in their
relevant regions can be determined as follows:
EIz (ρ, ϕ) =
∞∑
n=1
a1nJv (k1ρ) sin νϕ sin νϕ0,




amnJv (kmρ) sin νϕ sin νϕ0+
bmnH(2)v (kmρ) sin νϕ sin νϕ0
]
, m = 2, . . . , N




a(N+1)nJv (k0ρ) sin νϕ sin νϕ0+
b(N+1)nH(2)v (k0ρ) sin νϕ sin νϕ0
]
,
Fig. 1. The geometry of the problem.
E (N+2)z (ρ, ϕ) =
∞∑
n=1
b(N+2)nH(2)v (k0ρ) sin νϕ sin νϕ0 (3)
where Jv (.) is the νth-order Bessel function of the first kind,
while H(2)v (.) is the νth-order Hankel function of the second
kind, k2m = ω2εmµm−jωµmσ (m = 2, . . . , N ) and ν = nπ2π−α .
From Maxwell’s equations, the field components can be ex-
pressed in terms of Ez (ρ, ϕ) as















Thus, the magnetic field components inside dielectric
cylinders can be written as





a1nJ′v (k1ρ) sin νϕ sin νϕ0,






amnJ′v (kmρ) sin νϕ sin νϕ0 + bmnH′(2)v (kmρ) sin νϕ sin νϕ0
]
, m = 2, . . . , N






a(N+1)nJ′v (k0ρ) sin νϕ sin νϕ0 + b(N+1)nH
′(2)
v (k0ρ) sin νϕ sin νϕ0
]
,





b(N+2)nH′(2)v (k0ρ) sin νϕ sin νϕ0
(6)
and





a1nJv (k1ρ) v cos νϕ sin νϕ0,
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amnJv (kmρ) v cos νϕ sin νϕ0 + bmnH(2)v (kmρ) v cos νϕ sin νϕ0
]
, m = 2, . . . , N






a(N+1)nJv (k0ρ) v cos νϕ sin νϕ0 + b(N+1)nH(2)v (k0ρ) v cos νϕ sin νϕ0
]
,





b(N+2)nH(2)v (k0ρ) v cos νϕ sin νϕ0.
(7)
In (6), prime denotes the first-degree derivative with
respect to ρ. The unknown coefficients amn and bmn
(m = 1, . . . , N + 2) can be determined with the help of the
following continuity conditions at ρ = ρm (m = 1, . . . , N ) :{
Emz (ρm, ϕ) = E
m+1
z (ρm, ϕ)
Hmϕ (ρm, ϕ) = H
m+1
ϕ (ρm, ϕ)
, m = 1, . . . , N (8){
E (N+1)z (ρ0, ϕ) = E
(N+2)
z (ρ0, ϕ)
H (N+1)ϕ (ρ0, ϕ) = H
(N+2)
ϕ (ρ0, ϕ) + Je
, (9)








sin νϕ sin νϕ0, (10)
Application of (8) and (9) at ρ = ρm (m = 1, . . . , N ) yields:







































= 0, m = 2, . . . , N − 1 (14)
aNnJv (kN ρN ) − a(N+1)nJv (k0ρN ) +









a(N+1)nJ′v (k0ρN ) + b(N+1)nH′(2)v (k0ρN )
}
= 0, (16)
a(N+1)nJv (k0ρ0) + b(N+1)nH(2)v (k0ρ0) −
b(N+2)nH(2)v (k0ρ0) = 0, (17)
a(N+1)nJ′v (k0ρ0) + b(N+1)nH
′(2)
v (k0ρ0) −








These ( 2N+2) x( 2N+2) system of algebraic equations can be
solved numerically and the expansion coefficients amn and
bmn (m = 1, . . . , N + 2) can be fully determined.
3. 2-Layer and 3-Layer Capped Wedge
Explicit forms of the unknown coefficients for N = 2




H(2)v (k0ρ2) J′v (k0ρ2) − H
′(2)
v (k0ρ2) Jv (k0ρ2)
}
µ2D (k0, k1, k2, ρ0, ρ1, ρ2)
{







H(2)v (k2ρ1) J′v (k1ρ1) −
k2
µ2
H′(2)v (k2ρ1) Jv (k1ρ1)
}
D (k0, k1, k2, ρ0, ρ1, ρ2)
{





k0D (k0, k1, k2, ρ0, ρ1, ρ2)[{
k2
µ2
H′(2)v (k2ρ1) Jv (k1ρ1) −
k1
µ1




H′(2)v (k0ρ2) Jv (k2ρ2) −
k2
µ2





H(2)v (k0ρ2) H′(2)v (k2ρ2) −
k0
µ0




J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1
J′v (k1ρ1) Jv (k2ρ1)
}]
, (21)
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b2n =
{
H(2)v (k0ρ2) J′v (k0ρ2) − H
′(2)
v (k0ρ2) Jv (k0ρ2)
}




J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1







D (k0, k1, k2, ρ0, ρ1, ρ2)[{
k2
µ2
H′(2)v (k2ρ1) Jv (k1ρ1) −
k1
µ1




Jv (k0ρ2) J′v (k2ρ2) −
k0
µ0





Jv (k1ρ1) J′v (k2ρ1) −
k1
µ1




H(2)v (k2ρ2) J′v (k0ρ2) −
k2
µ2
H′(2)v (k2ρ2) Jv (k0ρ2)
}]
, (23)








H′(2)v (k2ρ1) Jv (k1ρ1) −
k1
µ1




Jv (k2ρ2) H′(2)v (k0ρ2) −
k2
µ2





J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1




H(2)v (k0ρ2) H′(2)v (k2ρ2) −
k0
µ0




D (k0, k1, k2, ρ0, ρ1, ρ2) =
ρ0 (2π − α)
2IejωH(2)v (k0ρ0)
{





J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1




H′(2)v (k0ρ2) H(2)v (k2ρ2) −
k2
µ2





H′(2)v (k2ρ1) Jv (k1ρ1) −
k1
µ1




H′(2)v (k0ρ2) Jv (k2ρ2) −
k2
µ2
H(2)v (k0ρ2) J′v (k2ρ2)
}]
. (25)









4 ) . (26)




H(2)v (k0ρ2) J′v (k0ρ2) − H
′(2)




D (k0, k1, k2, ρ1, ρ2)
{






H(2)v (k0ρ2) J′v (k0ρ2) − H
′(2)








H(2)v (k2ρ1) J′v (k1ρ1) −
k2
µ2






D (k0, k1, k2, ρ1, ρ2)[{
k2
µ2
H′(2)v (k2ρ1) Jv (k1ρ1) −
k1
µ1




H′(2)v (k0ρ2) Jv (k2ρ2) −
k2
µ2





H(2)v (k0ρ2) H′(2)v (k2ρ2) −
k0
µ0




J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1
J′v (k1ρ1) Jv (k2ρ1)
}]
, (29)




H(2)v (k0ρ2) J′v (k0ρ2) − H
′(2)
v (k0ρ2) Jv (k0ρ2)
}
∼




J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1






D (k0, k1, k2, ρ1, ρ2)[{
k2
µ2
H′(2)v (k2ρ1) Jv (k1ρ1) −
k1
µ1




Jv (k0ρ2) J′v (k2ρ2) −
k0
µ0





Jv (k1ρ1) J′v (k2ρ1) −
k1
µ1




H(2)v (k2ρ2) J′v (k0ρ2) −
k2
µ2










J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1




H′(2)v (k0ρ2) H(2)v (k2ρ2) −
k2
µ2





H′(2)v (k2ρ1) Jv (k1ρ1) −
k1
µ1




H(2)v (k0ρ2) J′v (k2ρ2) −
k0
µ0
H′(2)v (k0ρ2) Jv (k2ρ2)
}
. (32)













H(2)v (k0ρ3) J′v (k0ρ3) − H
′(2)
v (k0ρ3) Jv (k0ρ3)
}
µ2µ3R (k0, k1, k2, k3, ρ0, ρ1, ρ2, ρ3)
[{
H(2)v (k3ρ2) J′v (k3ρ2) − H′(2)v (k3ρ2) Jv (k3ρ2)
} {









H(2)v (k2ρ1) J′v (k1ρ1) −
k2
µ2
H′(2)v (k2ρ1) Jv (k1ρ1)
}
µ3R (k0, k1, k2, k3, ρ0, ρ1, ρ2, ρ3)
[{
H(2)v (k3ρ2) J′v (k3ρ2) − H′(2)v (k3ρ2) Jv (k3ρ2)
} {
H′(2)v (k0ρ3) Jv (k0ρ3) − H(2)v (k0ρ3) J′v (k0ρ3)
}]
, (35)
a3n = A (k1, k2, k3, ρ1, ρ2, ρ3)
{
H(2)v (k0ρ3) J′v (k0ρ3) − H
′(2)
v (k0ρ3) Jv (k0ρ3)
}


















Jv (k3ρ3) A (k1, k2, k3, ρ1, ρ2, ρ3) + H(2)v (k3ρ3) B (k1, k2, k3, ρ1, ρ2, ρ3)
}]
, (37)




H(2)v (k0ρ3) J′v (k0ρ3) − H
′(2)
v (k0ρ3) Jv (k0ρ3)
}
µ3R (k0, k1, k2, k3, ρ0, ρ1, ρ2, ρ3)[{
H(2)v (k3ρ2) J′v (k3ρ2) − H′(2)v (k3ρ2) Jv (k3ρ2)
} { k2
µ2
J′v (k2ρ1) Jv (k1ρ1) −
k1
µ1
J′v (k1ρ1) Jv (k2ρ1)
}]
, (38)
b3n = B (k1, k2, k3, ρ1, ρ2, ρ3)
{
H(2)v (k0ρ3) J′v (k0ρ3) − H
′(2)
v (k0ρ3) Jv (k0ρ3)
}


















Jv (k3ρ3) A (k1, k2, k3, ρ1, ρ2, ρ3) + H(2)v (k3ρ3) B (k1, k2, k3, ρ1, ρ2, ρ3)
}]
, (40)
b5n = −b4n +
µ0Jv (k0ρ0)
















R (k0, k1, k2, k3, ρ0, ρ1, ρ2, ρ3) =
ρ0 (2π − α)
2IejωH(2)v (k0ρ0)
[
























































H′(2)v (k2ρ2) Jv (k2ρ1) − H(2)v (k2ρ1) J′v (k2ρ2)
}]]
, (42)
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and




H(2)v (k3ρ2) Jv (k1ρ1)
{





J′v (k1ρ1) H(2)v (k3ρ2)
{





J′v (k1ρ1) H′(2)v (k3ρ2)
{





H′(2)v (k3ρ2) Jv (k1ρ1)
{








Jv (k3ρ2) Jv (k1ρ1)
{





J′v (k1ρ1) Jv (k3ρ2)
{





J′v (k1ρ1) J′v (k3ρ2)
{





J′v (k3ρ2) Jv (k1ρ1)
{
H′(2)v (k2ρ1) Jv (k2ρ2) − H(2)v (k2ρ2) J′v (k2ρ1)
}]
. (44)
Thus, analytical closed form representations are read-
ily available for 2- and 3- layer capped wedge. With-
out resorting to numerical matrix inversion, these coef-
ficients can be used directly for field calculation.
4. Numerical Simulations
Explicit forms for 2- and 3-layer capped wedge are uti-
lized for numerical simulation of several wedge problems. To
observe the influence of different parameters such as radius of
the layer (ρ), relative permittivity (εr ), relative permeability
(µr ), and loss tangent (tan δ) on the scattered electric field
with plane wave excitation, numerical results are presented in
Figures 2 through 9. The variation of the scattered field pat-
tern is normalized as | Ez | / | E0 |. Analytical expressions
for two different wedge angles and different layer properties
are computed and compared to PEC-only case. The wedge
angles of 10◦ and 30◦ are chosen to represent airplane wing
geometries, but closed form expressions can be used for any
wedge angle. Dielectric layer parameters are chosen from
well-known materials.
First, permittivity values of 2-layer geometry with dif-
ferent loss tangents are studied. Magnitude of the elec-
tric field is presented in Fig. 2. More than 50 % reduc-
tion in magnitude is observed compared to PEC-only case.
Small loss tangent did not make any considerable change
in the electric field magnitude. Increased loss tangent val-
ues, of course, would increase the scattered field. Next, the
same wedge shape with the same permittivity but different

















 PEC wedge only
 1= /10, 2= /5, tan 1=0, tan 2=0
 1= /20, 2= /10, tan 1=0, tan 2=0
 1= /10, 2= /5, tan 1=0.02, tan 2=0.008
 1= /20, 2= /10, tan 1=0.02, tan 2=0.008
Fig. 2. Comparison of z components of electric fieldwith respect
to ρ. The parameters are N = 2, ε1 = 4.4, ε2 = 2.2,
α = 30◦, f = 9 GHz and ϕ = 180◦.













 PEC wedge only
 1= /10, 2= /5, tan 1=0, tan 2=0
 1= /20, 2= /10, tan 1=0, tan 2=0
Fig. 3. Comparison of z components of electric field with re-
spect to ρ. The parameters are N = 2, µ1 = 7, µ2 = 4,
α = 30◦, f = 9 GHz and ϕ = 180◦.
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 PEC wedge only
 1= /10, 2= /5, 3=3 /10, tan 1=0, tan 2=0, tan 3=0
 1= /20, 2= /10, 3=3 /20, tan 1=0, tan 2=0, tan 3=0
 1= /10, 2= /5, 3=3 /10, tan 1=0.02, tan 2=0.008, tan 3=0
 1= /20, 2= /10, 3=3 /20, tan 1=0.02, tan 2=0.08, tan 3=0
Fig. 4. Comparison of z components of electric field with re-
spect to ρ. The parameters are N = 3, ε1 = 6, ε2 = 4.4,
ε3 = 2.2, α = 10◦, f = 9 GHz and ϕ = 180◦.

















 PEC wedge only
 1= /10, 2= /5, 3=3 /10, tan 1=0, tan 2=0, tan 3=0
 1= /20, 2= /10, 3=3 /20, tan 1=0, tan 2=0, tan 3=0
Fig. 5. Comparison of z components of electric field with re-
spect to ρ. The parameters are N = 3, µ1 = 11, µ2 = 7,
µ3 = 4, α = 10◦, f = 9 GHz and ϕ = 180◦.
Fig. 6. Variation of | EZ |(dBV/m) for standalone PEC wedge.
The parameters are α = 10◦, f = 9 GHz and ϕ0 = 180◦.
permeability values are presented in Fig. 3. Again, the field
magnitude was reduced more than half with this configura-
tion. The thickness of the layers did not substantially influ-
ence the magnitude. The spike in field magnitude near the tip
of the wedge was larger than PEC-only case as field localized
in this asymptotic region was enhanced due to permeability
of the layer.
Fig. 7. Variation of | EZ | (dBV/m). The parameters are N = 2,
ρ1 = λ : 20, ρ2 = λ : 10, tan δ1 = 0, tan δ2 = 0,
α = 10◦, f = 9 GHz and ϕ0 = 180◦.
Fig. 8. Variation of | EZ |(dBV/m) for standalone PEC wedge.
The parameters are α = 30◦, f = 9 GHz and ϕ0 = 180◦.
Fig. 9. Variation of | EZ | (dBV/m). The parameters are N = 3,
ρ1 = λ : 20, ρ2 = λ : 10, ρ3 = 3λ : 20, tan δ1 = 0,
tan δ2 = 0, tan δ3 = 0, α = 30◦, f = 9 GHz and
ϕ0 = 180◦.
Similar analysis was carried out for narrower wedge an-
gle of 10◦ in Figures 4 and 5. It is observed that the effects
of dielectric layers were slightly less than those of 30◦ wedge
angle as expected. As the wedge angle gets smaller, inci-
dent plane encounters less cross sectional area of the wedge,
which in turn, leads to lowered electric field magnitude in
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Fig. 10. Modified RCS pattern (dB) for α = 10◦, ϕ0 = 180◦,
ε1 = 4.4 and ε2 = 2.2, for Cases 1-4 and PEC-only
case. Case 1: N = 2, ρ1 = λ : 10, ρ2 = λ : 5,
ρ0 = 3λ : 5, tan δ1 = 0, tan δ2 = 0, Case 2: N = 2,
ρ1 = λ : 10, ρ2 = λ : 5, ρ0 = 3λ : 5, tan δ1 = 0.02,
tan δ2 = 0.008, Case 3: N = 2, ρ1 = λ : 5,
ρ2 = 2λ : 5, ρ0 = 6λ : 5, tan δ1 = 0, tan δ2 = 0,
Case 4: N = 2, ρ1 = λ : 5, ρ2 = 2λ : 5, ρ0 = 6λ : 5,
tan δ1 = 0.02, tan δ2 = 0.008.
Fig. 11. Modified RCS pattern (dB) for α = 30◦, ϕ0 = 180◦,
ε1 = 4.4 and ε2 = 2.2, for Cases 1-4 and PEC-only
case. Case 1: N = 2, ρ1 = λ : 10, ρ2 = λ : 5,
ρ0 = 3λ : 5, tan δ1 = 0, tan δ2 = 0, Case 2: N = 2,
ρ1 = λ : 10, ρ2 = λ : 5, ρ0 = 3λ : 5, tan δ1 = 0.02,
tan δ2 = 0.008, Case 3: N = 2, ρ1 = λ : 5,
ρ2 = 2λ : 5, ρ0 = 6λ : 5, tan δ1 = 0, tan δ2 = 0,
Case 4: N = 2, ρ1 = λ : 5, ρ2 = 2λ : 5, ρ0 = 6λ : 5,
tan δ1 = 0.02, tan δ2 = 0.008.
PEC-only case. Lossless dielectric layers were more suc-
cessful in reducing the scattered electric field.Variation of
electric field magnitude at z = 0 plane was also studied for
both wedge angles. In Figures 6 and 7, PEC-only case and
permittivity varied case were shown, respectively. Reduction
in electric field magnitude was greater than 3 dB in almost
every direction. PEC-only case for 30◦ wedge angle is dis-
played in Fig. 8 and 3-layer case with different permittivity
values are shown in Fig. 9.









where σ′ denotes modified RCS as total electric field instead
of scattered electric field is considered. For 10◦ and 30◦
wedge angles, four different cases are compared to PEC only
case in Figures 10 and 11, respectively. The incident electric
field is assumed from 180◦ direction to the wedge. It is ob-
served that for monostatic radar applications, Cases 3 and 4
provide 5.8 and 5.7 dB reduction relative to PEC-only case
on incident wave direction, whereas Cases 1 and 2 provide
almost no reduction but about 1 dB reduction at +/-20◦ off
of incident direction. On opposite side of the incident direc-
tion, layered wedge has more RCS compared to PEC-only
case as expected. Since Cases 1, 3 and Cases 2, 4 differ only
for layer thicknesses with other parameters being equal, layer
thicknesses play a critical role in achieving RCS reduction.
5. Conclusions
Layered capped wedge with various thicknesses and di-
electric loss values have been studied for electric field magni-
tude in longitudinal direction. Explicit expressions for 2- and
3-layer geometries are derived rigorously. It is observed that
for certain values of cap radii and loss factors, more than 3
dB reduction in scattered electric field is possible with 2- and
3-layer cap geometries in the near field. Similar analysis is
also carried out for modified RCS to compare far-field effects
of cappedwedge and it is observed that almost 6 dB reduction
is possible for certain combination of layer thicknesses. The
dielectric layer thicknesses were kept small to enable coating
on the PEC surface at the target frequency of 9 GHz. This
particular frequency is chosen at X-band where most military
radars operate. It is shown that with simple dielectic coating
on wing-like airplane structures radar cross section can be
reduced by more than half compared to PEC-only case.
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